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THE ENUMERATION OF INVOLUTIONS OF DOUBLY

ALTERNATING BAXTER PERMUTATIONS

SOOK MIN

Abstract. In this paper, we provide a recursive formula for the
number of involutions of doubly alternating Baxter permutations
in Sn.

1. Introduction

We begin with some definitions and notations. Let Sn denote the
symmetric group of all permutations of [n] = {1, 2, ..., n}. A Baxter
permutation is exactly a permutation π = a1a2 · · · an in Sn that satisfies
the following two conditions: for every 1 ≤ i < j < k < l ≤ n,

if ai + 1 = al and al < aj then ak > al, and

if al + 1 = ai and ai < ak then aj > ai.

For example, 2413 and 3142 are the only permutations on four elements
which are not Baxter permutations. Baxter permutations, named by
Boyce, first arose in attempts to prove the “commuting function” con-
jecture [1]. Chung, Graham, Hoggatt and Kleiman [2] enumerated ana-
lytically the family of Baxter permutations.

The descent set of π = a1a2 · · · an in Sn, Des(π), is the set of integer
i with 1 ≤ i < n such that ai > ai+1. More precisely, Des(π) =
{i|ai > ai+1}. A permutation π = a1a2 · · · an in Sn is called alternating
permutation if a1 < a2 > a3 < a4 > · · · , that is to say, Des(π) happens
at even index. A permutation π = a1a2 · · · an in Sn is called reverse
alternating permutation if a1 > a2 < a3 > a4 < · · · , that is to say,
Des(π) happens at odd index.
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Cori, Dulucq and Viennot [3] proved that alternating Baxter permu-
tations of length 2n and 2n + 1 are enumerated by C2

n and CnCn+1,

where Cn = 1
n+1

(
2n
n

)
is the nth Catalan number.

A permutation π in Sn is called doubly alternating if both π and π−1

are alternating. Let Bn denote the set of all doubly alternating Baxter
permutations of length n and let RBn denote the set of all doubly reverse
alternating Baxter permutations of length n. Guibert and Linusson [4]
and Min and Park [6] showed that |B2n+ε| = Cn, where ε = 0 or 1.
A permutation π in Sn is called an involution if π = π−1. Let Bn(I)
denote the set of all involutions in Bn and let RBn(I) denote the set
of all involutions in RBn. The purpose of this paper is to provide a
recursive formula for the cardinality of the set Bn(I).

2. Main theorem

In this section, we will prove the relation between two sets B2n+1(I)
and RB2n(I) in Lemma 2.5, and then prove the purpose of this paper
in Theorem 2.7.

Lemma 2.1. ([6, Theorem 4.1]) If π = a1a2 · · · a2n ∈ B2n then

π = (2k + 1) a2 a3 · · · a2n−2k−1(2n) a2n−2k+1 · · · a2n
such that {a2n−2k+1, . . . , a2n} = {1, 2, . . . , 2k} where 0 ≤ k ≤ n− 1.

Lemma 2.2. ([4, Corollary 8], [6, Corollary 4.3]) If π = a1a2 · · · a2n+1 ∈
RB2n+1 then a2n+1 = 2n+ 1 and σ = a1a2 · · · a2n ∈ RB2n.

For example, 21435, 42315 are the only permutations on five elements
satisfying Lemma 2.2.

Lemma 2.3. ([6, Corollary 4.5]) If π = a1a2 · · · a2n ∈ RB2n then

π = (2k) a2 · · · a2k−11 a2k+1 · · · a2n
such that {2k, a2, . . . , a2k−1, 1} = {1, 2, . . . , 2k}, where 1 ≤ k ≤ n.

Lemma 2.4. ([6, Corollary 4.7]) If π = a1a2 · · · a2n+1 ∈ B2n+1 then
a1 = 1 and σ = (a2 − 1)(a3 − 1) · · · (a2n+1 − 1) ∈ RB2n.

For example, 15342, 13254 are the only permutations on five elements
satisfying Lemma 2.4.

Lemma 2.5. |B2n+1(I)| = |RB2n(I)|.



Involutions of doubly alternating Baxter permutations 255

B7(I) bijection RB6(I)

1735462 ←→ 624351

1756342 ←→ 645231

1534276 ←→ 423165

1325476 ←→ 214365

1327564 ←→ 216453

Figure 1. A bijection between |B7(I)| and |RB6(I)|.

Proof. Let σ ∈ RB2n(I). If we put π = 1 (σ1+1)(σ2+1) · · · (σ2n+1),
then it is also an involution of Baxter permutations of length 2n+1 with
Des(π) = Des(π−1) = {2, 4, . . . , 2n}, since 1 is the smallest element.
That is to say, π ∈ B2n+1(I). From Lemma 2.4, the above π’s are the
only doubly alternating Baxter permutations of length 2n+ 1.

Example 2.6. For n = 3, we give a bijection list for 5 = |B7(I)| =
|RB6(I)|: see Figure 1.

Then we provide our main theorem.

Theorem 2.7. If bn = |Bn(I)| then its recursive formula is

b2n−1 =
n−1∑
k=1

b2k−2 · b2n−2k−1 (n ≥ 2),

b2n = b2n−1 +
n−1∑
k=dn

2
e

b2n−2k−1 · b4k−2n (n ≥ 3).

Note that we have b0 = 1 by considering the empty permutation and
b1 = b2 = 1, by a direct computation.

Proof. First we prove the second formula. If π ∈ B2n(I), then by
Lemma 2.1 we can write π = (2k+1) a2 · · · a2n−2k−1 (2n) a2n−2k+1 · · · a2n
such that {a2n−2k+1, . . . , a2n} = {1, 2, . . . , 2k} where 0 ≤ k ≤ n− 1.

If k = 0 then π = 1a2 · · · a2n−1 (2n) and (a2 − 1)(a3 − 1) · · · (a2n−1 −
1) ∈ RB2n−2(I). So the number of such permutations is |RB2n−2(I)| =
|B2n−1(I)| = b2n−1 by Lemma 2.5.

Now suppose k 6= 0.
(Case 1) 2n − 2k + 1 > 2k + 1: If π−1(1) = j then j is in the set

{2n−2k+1, 2n−2k+2, . . . , 2n}. Since 2n−2k+1 > 2k+1, π−1(1) can
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not be 2k + 1. This is a contradiction, since π ∈ B2n(I). So we assume
2n− 2k + 1 ≤ 2k + 1.

(Case 2) 2n − 2k + 1 ≤ 2k + 1(⇔ n ≤ 2k): If n = 2 then b4 = 2,
since 1324 and 3412 are the only permutations in B4(I). Now suppose
3 ≤ n ≤ 2k. We can write π as follows:

π = (2k + 1)a2 · · · a2n−2k−1(2n)a2n−2k+1 · · · an · · · a2k+1 · · · a2n
Put

π = π1π2π3,

where

π1 = (2k + 1) a2 · · · a2n−2k−1(2n),

π2 = a2n−2k+1 · · · an · · · a2k,
π3 = a2k+1 · · · a2n.

If we consider the permutation π∗1 = 1(a2− 2k) · · · (a2n−2k−1− 2k)(2n−
2k) corresponding to π1, then π∗1 ∈ B2n−2k(I) and

(a2 − 2k − 1)(a3 − 2k − 1) · · · (a2n−2k−1 − 2k − 1) ∈ RB2n−2k−2(I).

So |RB2n−2k−2(I)| = |B2n−2k−1(I)| = b2n−2k−1 by Lemma 2.5. Since π
is an involution, π∗1 = π3. If we consider the permutation π∗2 correspond-
ing to π2:

π∗2 = c2n−2k+1 · · · c2k,
where ci = ai−(2n−2k), then π∗2 ∈ B4k−2n(I) and |B4k−2n(I)| = b4k−2n.
Thus we have the recursive formula, for n ≥ 3,

b2n = b2n−1 +

n−1∑
k=dn

2
e

b2n−2k−1 · b4k−2n.

Now we prove the first formula. Note that b2n−1 = |B2n−1(I)| =
|RB2n−2(I)|, by Lemma 2.5. If σ ∈ RB2n−2(I), then by Lemma 2.3 we
can write σ = (2k) a2 · · · a2k−1 1 a2k+1 · · · a2n−2 such that {2k, a2, . . . , a2k−1, 1} =
{1, 2, . . . , 2k} where 1 ≤ k ≤ n− 1.

Put σ = σ1σ2, where

σ1 = (2k) a2 · · · a2k−11,
σ2 = a2k+1 · · · a2n−2.

If we consider the permutation σ∗1 = (a2 − 1)(a3 − 1) · · · (a2k−1 − 1)
corresponding to σ1, then σ∗1 ∈ B2k−2(I) and |B2k−2(I)| = b2k−2. If we
consider the permutation σ∗2 corresponding to σ2:

σ∗2 = c2k+1 · · · c2n−2,
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where ci = ai − 2k, then σ∗2 ∈ RB2n−2k−2(I) and |RB2n−2k−2(I)| =
|B2n−2k−1(I)| = b2n−2k−1. So we have the recursive formula, for n ≥ 2,

b2n−1 = |RB2n−2(I)| =
n−1∑
k=1

b2k−2 · b2n−2k−1.

The first few values of bn(n = 0, 1, 2, 3, ...) are 1, 1, 1, 1, 2, 2, 3, 5, 8, 12,
16, 32, 44, 84, 105, 231, 292, 636, 768, 1792, 2166, 5080, 6012, 14592, 17234,
42198, 49336, .... The sequence does not match anything in the OEIS(On-
line Encyclopedia of Integer Sequences)(2021.5.25.)

The material in this paper is from the author’s Ph.D. thesis [5].
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